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A p-cover of II = (1, 2,..., E} is a family of subsets Si + @ such that U S, = n 
and 1 Si n S, I < p for i ir j. We prove that for fixed p, the number of p-cover 
of n is O(izPfl log n). 
A p-cover of c = (1,2,..., n> is a family of distinct nonempty subsets of Si 
of n such that u Si = n and 1 S, n & j < p for i # j. Let T(n, p) denote the 
number of different p-covers of n. Considering a problem of Turan, Recski 
il] conjectured 
log T(n, p) = O(?w log n). 
DEFINITIBN. A p-subcoveu of g is a family of distinct, nonempty subsets Si 
of?l.suchthatjSinSi/ <pfori#j. 
PROPOSITION 1. A p-subcover of g contains at most (@Tl) sets of order >p. 
Proof. For each set & of order >p in the subcover, choose a subset TX of 
order p + 1. Then the Ti are distinct, and there are at most (&) of them. 
This proves the proposition. 
THEOREM 2. For any positive integerp 
log T(n, p) = O(n”+l log n). 
Proof. We first establish a lower bound. Every p-subcover can be extended 
to a p-cover by adding sets of order 1. So it suffices to give a lower bound for 
p-subcovers in which all Si have order p + 2. Suppose we choose an ordered 
sequence S, ,..., Sk by first choosing S, , then S, so that it is not equal to any 
p + 1 subset of S, together with an additional element, and so on. There 
will be at least 
(,, ;- 2)((p ” 2) - n(P + 2)) -*- ((, ; 2) - (k - 1) 4P + 2)) 
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such choices. All these choices have the right intersection property. The 
number of p-subcovers with k sets is then at least l/k! times the preceding 
formula. 
Let k be n [ 1 (P +2)30 + 2) .
Then each term in the product is at least 
and the number of p-subcovers obtained is at least Cng+r log y1 for a positive 
constant C. 
Next we consider an upper bound. Let T,(n, p) be the number of p-sub- 
covers such that each & has exactly p + 2 elements. We associate with each 
such p-subcover a partial function from (++l to _n. Simply write each S6 in 
increasing order and regard it as an element of (@+l x 21. The first p + 1 
elements will be different for different Si , so we have a partial function. The 
number of partial functions from (~)p+l to ?I is at most 
(n + 1>,,+*. 
Let T&z, p) be the number of p-subcovers such that ISi 1 - (p + 2) is a 
nonnegative even integer for each Si . To each subcover of this type we 
associate a subcover in which each Sa has exactly p + 2 elements. Write Si 
in increasing order as {il ,..., i 9+2 ,..., i,+2+2J. Replace & by the a + 1 sets 
{izj-1 ,..., i9+a}. Th e resulting subsets of 21 are distinct and form a p-subcover 
of g. How many of the original subcovers correspond to a given subcover in 
which j Si 1 = p + 2 for all i? All the original subcovers can be obtained from 
the resulting ones by grouping the & in disjoint families and taking the union 
of the S, in each family. 
Thus 
T2h P) 
T&, P) 
is at most the maximum number of ways to group the Si in families. The 
number of ways to group the S, in families is at most T(x, 0), where x = 
(&) by Proposition 1. 
But T(x, 0) is a Bell number & and it is known [l] that 
log B, = x log x + o(x log x). 
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Thus 
$J+1 
log T(x, 0) < __ 
P! 
log n + o(np+l log n>. 
Therefore there is a positive constant C, such that 
for n > 1. 
Let T&p) be the number of p-subcovers such that j Si j - (p + 2) is 
nonnegative. To each subcover of this type we associate a subcover such 
that / Si 1 - (p + 2) is nonnegative and even. From each Si with j Si j = p + 
1 (mod 2) delete its smallest element. The resulting subsets of 9 are distinct 
and form a p-subcover. From a given p-subcover with ISi 1 - (p + 2) 
nonnegative and even we can obtain any of the subcovers which map to it by 
adding any of 1,2,. . ., M or ia to each & . Therefore 
T&G P) 
T&G P> 
is at most 
(n + l,(pT3. 
Finally, anyp-cover can be obtained from ap-subcover with j Si / 3 p + 2 
by adding sets Si of order <p + 1. Thus 
The chain of inequalities on ratios proves the upper bound. 
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